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TORSION SUBGROUPS IN THE UNITS OF THE
INTEGRAL GROUP RING OF PSL(2, p3)
ANDREAS BA¨CHLE AND LEO MARGOLIS
Abstract. We show that for every prime r all r-subgroups in the normalized units of the
integral group ring of PSL(2, p3) are isomorphic to subgroups of PSL(2, p3). This answers a
question of M. Hertweck, C.R. Ho¨fert and W. Kimmerle for this series of groups.
Let G be a finite group and ZG its integral group ring. A natural question is how far the
structure of G is reflected in the structure of the torsion part of V(ZG), the group of normalized
units of the integral group ring of G, and vice versa. One of the first questions studied in this
context is, whether a finite subgroup of V(ZG) is necessarily isomorphic to a subgroup of G,
which was already raised in G. Higman’s PhD thesis [Hig40, Section 5] (cf. also the article [San81]
outlining this thesis). It was later explicitly stated as a problem in [San85, Problem 5.4].
A first step towards an answer to the above question lies in the consideration of p-subgroups.
It is known that if G has cyclic Sylow p-subgroups then all p-subgroups of V(ZG) are cyclic; for
p = 2 see [Kim07, Proposition] (the proof involves the Brauer-Suzuki theorem) and cf. [Her08,
Corollary 1] for odd primes p. If the Sylow 2-subgroups of G are elementary abelian, then so are
all 2-subgroups of V(ZG) and in particular they are isomorphic to subgroups of G (combining
[CL65, Corollary 4.1] and [Sak71, Corollary 1.7], cf. also [Seh93, Lemma (37.3)]). But it is not
even known in general whether abelian Sylow p-subgroups of G cause that the p-subgroups of
V(ZG) are abelian. However, this assertion holds for solvable G [DJ96, Proposition 2.11].
In the concluding remarks of [HHK09] the question whether the p-subgroups of V(ZPSL(2, pf))
are (elementary) abelian is highlighted. For p = 2 or f ≤ 2 there is an even stronger assertion,
recently proved by the second author [Mar14]: for all primes r the r-subgroups of V(ZPSL(2, pf))
are conjugate by a unit of the corresponding rational group algebra to a subgroup of the group base
PSL(2, pf). It is also known that any subgroup of V(ZPSL(2, pf )) of the same order as PSL(2, pf )
is conjugate in the rational group algebra to the group base PSL(2, pf) [Ble95, Propositions 3.2
and 4.1].
In this article we prove that for all primes p the p-subgroups of the group V(ZPSL(2, p3)) are
abelian. We obtain the following result:
Theorem. Let p be a prime and set G = PSL(2, p3). Then for all primes r, the r-subgroups of
V(ZG) are isomorphic to subgroups of G.
The method of choice here is what one could call a “non-cyclic HeLP-method”. For a finite
group G consider a finite subgroup U of V(ZG). Every ordinary representation of G can be linearly
extended to a representation of ZG and then restricted to a representation D of V(ZG). Let its
character be denoted by χ. If ψ is a character of U , then for the inner product we necessarily have
〈χ|U , ψ〉U ∈ Z≥0.
For cyclic U this can be expressed in a explicit formula, whose application is known as the HeLP-
method, cf. [LP89, Theorem 1] and [Her07, Section 4]. The method for non-cyclic U was used for
the first time in the PhD-thesis of C.R. Ho¨fert [Ho¨f08, page 58] and later in [Her08] and [HHK09,
page 2].
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We will introduce some notation. Let u =
∑
g∈G zgg ∈ ZG be a normalized torsion unit. For
xG, the conjugacy class of the element x ∈ G in G, we denote by
εx(u) =
∑
g∈xG
zg
the partial augmentation of u at x. The partial augmentations will provide us with restrictions
on the possible eigenvalues of D(u) and vice versa. By the so-called Berman-Higman Theorem
ε1(u) = 0 if u 6= 1 [Hig40, Theorem 10], [Ber55, Lemma 2] (cf. also [Seh93, Proposition (1.4)]).
Also εx(u) = 0 if the order of x does not divide the order of u [Her07, Proposition 2.2]. Moreover,
the order of a finite subgroup of V(ZG) divides the order of G [Sak71, Corollary 1.7], cf. also
[Seh93, Lemma (37.3)], and its exponent divides the exponent of G [CL65, Corollary 4.1]. We will
use these facts in the sequel without further mention.
Let A be a complex matrix of finite order. Assume that A has eigenvalues α1, ..., αj each with
multiplicity m1, eigenvalues β1, ..., βk each with multiplicity m2 and eigenvalues γ1, ..., γℓ each with
multiplicity m3, then we indicate this by
A ∼
(
m1 × α1, ..., αj ,m2 × β1, ..., βk ,m3 × γ1, ..., γℓ
)
.
Proof of the theorem.
Set G = PSL(2, p3). By a result of Dickson [Dic58, 260.] (see also [Hup67, 8.27 Hauptsatz]), the
Sylow r-subgroups of the simple groups PSL(2, pf ) are elementary abelian for r = p, cyclic for odd
r 6= p, and dihedral groups if r = 2 6= p. By the results cited above we obtain that the r-subgroups
of V(ZG) are isomorphic to subgroups of G, provided the Sylow r-subgroups are cyclic. The case
of elementary abelian Sylow 2-subgroups is also handled by the remarks in the introduction. If
the Sylow 2-subgroups are dihedral, the result is obtained in [HHK09, Theorem 2.1]. It remains
the case r = p ≥ 3. Note that in this case the Sylow p-subgroups of G are elementary abelian of
order p3.
Let H be a finite p-subgroup of V(ZG). Hence |H | ≤ p3 and expH | p. Assume that H is not
isomorphic to a subgroup of G, then, by the classification of all p-groups up to order p3, it is a
so-called Heisenberg group. Thus there are elements z, b, c ∈ H such that
H = 〈z, b, c | zp = bp = cp = 1, z ∈ Z(H), c−1bc = zb〉 ≃ (Cp × Cp)⋊ Cp. (1)
We will use the non-cyclic HeLP-method to show that H does not exist. In G there are exactly
two conjugacy classes of elements of order p, let g and h be representatives of these classes. In
Table 1 we list two irreducible characters [Dor71, Theorem 38.1], one of them we will use in the
remainder of the proof. Let ǫ ∈ {1,−1} such that p ≡ ǫ mod 4.
1 g h
η p
3+ǫ
2
ǫ+
√
ǫp3
2
ǫ−
√
ǫp3
2
η′ p
3+ǫ
2
ǫ−
√
ǫp3
2
ǫ+
√
ǫp3
2
Table 1. Part of the character table of G = PSL(2, p3), p ≥ 3, ǫ ∈ {1,−1} such
that p ≡ ǫ mod 4.
Let ζ = exp (2πi/p) ∈ C, a primitive p-th root of unity, Q be a set of integral representatives of
the quadratic residues in (Z/pZ)× and N be a set of integral representatives of the non-quadratic
residues in (Z/pZ)×. We will also use the Gaussian sums cf. [Gau11] (also [Neu99, Proof of (8.6)
in Chapter I])
√
ǫp = 1 + 2
∑
q∈Q
ζq ,
−√ǫp = 1 + 2
∑
n∈N
ζn.
(2)
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Let D be a representation affording η. Let u ∈ H \ {1} and α ∈ Z≥0 such that (εg(u), εh(u)) =
(α + 1,−α) or (εg(u), εh(u)) = (−α, α + 1). By slight abuse of notation we denote from here on
by η also the restriction η|H . For the first possibility of the partial augmentations of u we obtain,
using the first equation of (2),
η(u) = (α + 1)
(
ǫ+
√
ǫp3
2
)
+ (−α)
(
ǫ−
√
ǫp3
2
)
=
1
2
(ǫ+ (2α+ 1)p
√
ǫp)
=
p+ ǫ
2
+ αp+ (2α+ 1)p
∑
q∈Q
ζq. (3)
For the second possibility for the partial augmentations of u we get, using the second equation
of (2),
η(u) =
p+ ǫ
2
+ αp+ (2α+ 1)p
∑
n∈N
ζn. (4)
From the character value we get p+ǫ2 + αp +
(
p−1
2
)
(2α + 1)p eigenvalues of D(u). The other
eigenvalues have to sum up to 0, hence there are
1
p
(
p3 + ǫ
2
−
(
p+ ǫ
2
+ αp+
(
p− 1
2
)
(2α+ 1)p
))
=
1
2p
(
p3 + ǫ − p− ǫ− 2αp− (p− 1)(2α+ 1)p)
=
p2 − p
2
− αp
blocks having eigenvalues 1, ζ, ζ2, ..., ζp−1. Thus in the case of εg(u) > 0 we have
D(u) ∼
((
p+ ǫ
2
+ αp
)
× 1 , (2α+ 1)p× ζq1 , ..., ζq p−12 ,
(
p2 − p
2
− αp
)
× 1, ζ, ..., ζp−1
)
where Q =
{
q1, ..., q p−1
2
}
. In the other case, εg(u) ≤ 0, we get
D(u) ∼
((
p+ ǫ
2
+ αp
)
× 1 , (2α+ 1)p× ζn1 , ..., ζn p−12 ,
(
p2 − p
2
− αp
)
× 1, ζ, ..., ζp−1
)
with N =
{
n1, ..., n p−1
2
}
.
The group H is an extra-special p-group, its character theory is well-known, see e.g. [Dor71,
Theorem 31.5]. H has exactly p − 1 non-linear irreducible characters which are all of degree p.
They all vanish on the non-central elements of H and take the values pζj for 1 ≤ j ≤ p− 1 on the
non-trivial central elements. MoreoverH posses p2 linear characters corresponding to the quotient
H/Z(H) = H/H ′ ≃ Cp × Cp. In particular, they have value 1 on all central elements of H . See
table 2. Now we decompose η = η|H into the irreducible characters of H .
Let v ∈ Z(H) \ {1}. To obtain the multiplicity of the eigenvalue 1 of D(v) as calculated above,
we must sum up exactly
p+ ǫ
2
+ αp+
p2 − p
2
− αp = p
2 + ǫ
2
linear characters of H and hence
1
p
(
p3 + ǫ
2
− p
2 + ǫ
2
)
=
p2 − p
2
irreducible non-linear character of H .
Now let w ∈ H be a non-central element. Since every irreducible non-linear character of H
vanishes on w, the character value η(w) is the sum of exactly p
2+ǫ
2 roots of unity. Thus from (3)
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1 b b2 ... bp−1cp−1 z ... zp−1
χ1
CT(Cp × Cp)
1 ... 1
χ2 1 ... 1
...
...
...
χp2−1 1 ... 1
χp2 1 ... 1
ψ1 p 0 0 ... 0 pζ ... pζ
p−1
...
...
...
...
...
ψp−1 p 0 0 ... 0 pζ
p−1 ... pζ
Table 2. Character table of H ≃ (Cp×Cp)⋊Cp, the box indicates the character
table of the quotient group H/Z(H) ≃ Cp × Cp.
and (4) we obtain that (εg(w), εh(w)) = (1, 0) or (εg(w), εh(w)) = (0, 1). Furthermore, from the
eigenvalues of D(u) calculated in these equations, we get
(εg(w), εh(w)) = (1, 0) ⇔ (εg(wn), εh(wn)) = (0, 1) ∀n ∈ N. (5)
Now we compute the inner product 〈η, χ〉H of η with a non-trivial linear character χ of H . We
split up the computation of the contributions of different parts of H and omit the global factor
1/|H | = 1/p3 until adding all contributions. The contribution of the identity element is
η(1)χ(1) =
p3 + ǫ
2
.
There are p− 1 more elements in the center of H . On η half of them takes the value p+ǫ2 + αp+
(2α + 1)p
∑
q∈Q
ζq, the other half the value p+ǫ2 + αp + (2α + 1)p
∑
n∈N
ζn. Since they all lie in the
kernel of χ the contribution to the inner product is
p− 1
2

p+ ǫ
2
+ αp+ (2α+ 1)p
∑
q∈Q
ζq

+ p− 1
2
(
p+ ǫ
2
+ αp+ (2α+ 1)p
∑
n∈N
ζn
)
=
p− 1
2
(
p+ ǫ+ 2αp− (2α+ 1)p
)
= ǫ · p− 1
2
.
The kernel of χ contains another conjugacy class of cyclic subgroups consisting of exactly p sub-
groups. In every such cyclic subgroup p−12 of the elements take the value
p+ǫ
2 + p
∑
q∈Q
ζq on η and
p−1
2 of the elements take the value
p+ǫ
2 +p
∑
n∈N
ζn on η. The same computation as above gives the
contribution
pǫ · p− 1
2
.
To calculate the contributions of the other elements we need the following formulas which are
direct consequences of the Gaussian sums in (2):
∑
q∈Q
ζq



∑
i∈Q
ζi

+
(∑
n∈N
ζn
)
∑
j∈N
ζj

 = ǫ · p+ 1
2
and
(∑
n∈N
ζn
)
∑
i∈Q
ζi

+

∑
q∈Q
ζq



∑
j∈N
ζj

 = −ǫ · p+ 1
2
.
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Every conjugacy class of non-central cyclic subgroups contains exactly p subgroups. Let 〈d〉
be such a subgroup. By χ(d) ∈ Q we indicate that χ(d) = ζq for some q ∈ Q. To compute the
contribution of the remaining elements we distinguish two cases.
Case 1: (εg(d), εh(d)) = (1, 0), χ(d
−1) ∈ Q or (εg(d), εh(d)) = (0, 1), χ(d−1) ∈ N .
Then the contribution of the conjugacy class of 〈d〉 is
p
∑
h∈〈d〉\{1}
η(h)χ(h−1) = p

∑
q∈Q

p+ ǫ
2
+ p
∑
i∈Q
ζi

 ζq + ∑
n∈N

p+ ǫ
2
+ p
∑
j∈N
ζj

 ζn


= p

−p+ ǫ
2
+ p



∑
q∈Q
ζq



∑
i∈Q
ζi

+
(∑
n∈N
ζn
)∑
j∈N
ζj






= p
(
−p+ ǫ
2
+ p
(
ǫ · p+ 1
2
))
= ǫ · p
3 − p
2
Case 2: (εg(d), εh(d)) = (1, 0), χ(d
−1) ∈ N or (εg(d), εh(d)) = (0, 1), χ(d−1) ∈ Q.
Then the contribution of the conjugacy class of 〈d〉 is
p

∑
n∈N

p+ ǫ
2
+ p
∑
i∈Q
ζi

 ζn +∑
q∈Q

p+ ǫ
2
+ p
∑
j∈N
ζj

 ζq


= p

−p+ ǫ
2
+ p

(∑
n∈N
ζn
)∑
i∈Q
ζi

+

∑
q∈Q
ζq



∑
j∈N
ζj






= p
(
−p+ ǫ
2
+ p
(−ǫ · p+ 1
2
))
= − ǫ · p
3 + p
2
From now on let I = {0, 1, ..., p − 1}. Let χ be a non-trivial linear character of H and let
s ∈ Ker(χ) \ Z(H). Moreover let t 6∈ Ker(χ) such that χ(t−1) ∈ Q. Then {(tsi)−1 | i ∈ I} is a
set which contains exactly one element from every conjugacy class of cyclic subgroups not lying
in Ker(χ) and χ((tsi)−1) ∈ Q for every i. Set
γ = |{ i | (εg(tsi), εh(tsi)) = (1, 0) }|
and
δ = |{ i | (εg(tsi), εh(tsi)) = (0, 1) }|.
Then γ + δ = p and, summing up all the contributions obtained above, we get
〈η, χ〉H = 1
p3
(
p3 + ǫ
2
+ ǫ · p− 1
2
+ ǫp · p− 1
2
+ ǫγ · p
3 − p
2
− ǫδ · p
3 + p
2
)
=
1
2p3
(
p3 (1 + ǫγ − ǫδ) + ǫp2 − ǫ(γ + δ)p)
=
1 + ǫγ − ǫδ
2
.
For n ∈ N the map χn : H → Z[ζ] : x 7→ χ(x)n is also a linear character of H and an analogous
computation gives
〈η, χn〉H = 1− ǫγ + ǫδ
2
.
Since both, 〈η, χ〉H and 〈η, χn〉H , are non-negative, necessarily |γ − δ| ≤ 1. Thus γ = p±12 and
δ = p∓12 .
Recall that by (1), H is generated by a central element z and two other elements b and c. We
may assume w.l.o.g. by (5) that (εg(c), εh(c)) = (1, 0). We have that {〈c〉, 〈bci〉 | i ∈ I} is a set
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of representatives of the p + 1 conjugacy classes of non-central cyclic subgroups of H . Up to the
action of Gal(Q(ζ)/Q), every linear character is determined by its kernel. Let n ∈ N . Then by
(5) there exist a0, a1, ..., ap−1 ∈ {1, n} such that c, ba0 , ba1ca1 , ..., bap−1c(p−1)ap−1 all have partial
augmentation 1 at g and 0 at h.
Let χ be a non-trivial linear character with 〈c〉 ⊆ Ker(χ) and χ(b−1) ∈ Q. Then S = {bci | i ∈ I}
is a set which contains exactly one element from every conjugacy class of cyclic subgroups not
lying in Ker(χ). By the above, p±12 of the elements of S have partial augmentation 1 at g and the
other elements have augmentation 0 at g. Since εg(bc
i) = 1 if and only if ai = 1 we get
|{ i ∈ I | ai = 1 }| ∈
{
p± 1
2
}
. (6)
Now let j ∈ I and χ be a non-trivial linear character of H such that 〈bcj〉 ⊆ Ker(χ) and
χ(c−1) ∈ Q. For every i ∈ I \ {j} we determine one element of the form bℓaicℓiai , for some ℓ, lying
in the coset Ker(χ)c =
{
zrbkcjk+1 | 0 ≤ k, r ≤ p− 1}. To do so let ℓ, k be such that
bkcjk+1 = bℓaicℓiai .
Thus k ≡ ℓai mod p and jk + 1 ≡ ℓiai mod p. This gives ℓ ≡ (iai − jai)−1 mod p. For the partial
augmentations of bℓaicℓiai it only matters, by (5), whether ℓ is a quadratic residue modulo p.
Hence bℓaicℓiai has the same partial augmentations as c if and only if ℓ ∈ Q, i.e. iai − jai ∈ Q.
Hence
1 + |{ i ∈ I \ {j} | iai − jai ∈ Q }| ∈
{
p± 1
2
}
, (7)
where the 1 represents the element c.
Denote by ( r | p ) the Legendre symbol of r modulo the prime p and set βi = ( ai | p ) for
i ∈ I. By (6) we have ∑
i∈I
βi =
∑
i∈I
( ai | p ) ∈ {±1} . (8)
From (7) we get for every j ∈ I:
1 +
∑
i∈I
( i− j | p )βi = 1 +
∑
i∈I
( (i − j)ai | p ) ∈ {±1} .
Set si = ( i | p ) for i ∈ {1, ..., p − 1}. Then the above equations read as follows: there exist
m0, ...,mp−1 ∈ {±1} such that

β0 s1 s2 . . . sp−1
sp−1 β1 s1 . . . sp−2
...
...
. . .
...
...
s2 s3 . . . βp−2 s1
s1 s2 . . . sp−1 βp−1




β0
β1
...
βp−2
βp−1

 =


m0
m1
...
mp−2
mp−1

 .
Summing up all equations and sorting with regard to the βi’s we get
β0(s1 + ...+ sp−1) + ...+ βp−1(s1 + ...+ sp−1) + p = m0 + ...+mp−1.
Since s1 + ...+ sp−1 = 0 all the mi’s must be equal to 1. Thus we have to solve the homogeneous
system of linear equations given by

0 s1 s2 . . . sp−1
sp−1 0 s1 . . . sp−2
...
...
. . .
...
...
s2 s3 . . . 0 s1
s1 s2 . . . sp−1 0




β0
β1
...
βp−2
βp−1

 =


0
0
...
0
0

 .
The null space of the system has (at most) dimension 1 by the following lemma and contains the
vector (β0, β1, ..., βp−1)
t = (1, 1, ..., 1)t. This is however out of the question by (8). 
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Lemma. Let m be odd and A ∈ Fm×m2 where
A =


0 1 1 . . . 1
1 0 1 . . . 1
...
...
. . .
...
...
1 1 . . . 0 1
1 1 . . . 1 0

 .
Then rankA = m− 1.
Proof. Summing up all rows of A gives the zero vector, hence the rank of A is at most m − 1.
Let z1, ..., zm−1 be the first m − 1 rows of A and α1, ..., αm−1 ∈ F2 such that
∑m−1
i=1 αizi = 0.
Then we get
∑m−1
i=1,i6=j αi = 0 for every j ∈ {1, ...,m− 1} and
∑m−1
i=1 αi = 0. Hence αj = 0 for all
j ∈ {1, ...,m− 1}. 
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